4 These authors contributed equally to this manuscript Scrambling of quantum information is the process by which information initially stored in the local degrees of freedom of a quantum many-body system spreads over its many-body degrees of freedom, becoming inaccessible to local probes and thus apparently lost (1; 2; 3).
with more than 100 spins.
Concurrently, out-of-time-order correlations (OTOCs) (1; 2; 3; 25; 26; 27)
have been identified as measures of the dynamics of quantum information scrambling. Here, W (t) = e iĤtŴ e −iĤt , withĤ a quantum many-body Hamiltonian, andŴ andV two initially commuting operators. The quantity Re[F (t)] = 1 − |[Ŵ (t),V ]| 2 /2 encapsulates the degree that W (t) andV fail to commute at later times due to the time evolution ofŴ underĤ. In fact, fast scramblers (1; 3; 25; 28), such as black holes, feature an exponential growth of scrambling which manifests as 1 − Re[F (t)] ∼ e λ Q t . Here, λ Q is the quantum Lyapunov exponent which serves as a proxy for quantum chaos. Regardless of the OTOCs' apparent complexity (27; 29; 30; 31), the capability to perform many-body echoes in current experiments (4; 5; 32; 33) has opened a path for the experimental investigation of quantum scrambling, however so far those have not probe quantum chaos or fast scrambling in the many-body regime. Here we show that FOTOCs in the Dicke model (6), recently benchmarked in a trapped-ion quantum magnet (11), can provide profound insight on fast scrambling behavior. We illustrate how FOTOCs elucidate theoretical connections between fast scrambling, volume-law Rényi entropy (RE) and thermalization, while linking quantum and classical chaos (Fig.1a) . Additionally, we discuss how one can probe these connections readily in experiments.
The Dicke model (DM) is described bŷ
where B characterizes the strength of the transverse field, δ the detuning of the bosonic mode from the driving field with strength g that generates the spin-boson coupling. Here, g, δ, B ≥ 0. how the nearest-neighbor spacing distribution P (s), where s is a normalized distance between two neighboring energy levels, features a different character on either side of E c . For E > E c the spectral statistics follow the Wigner-Dyson distribution P W (s) = πs/2 exp(−πs 2 /4), which in random-matrix theory describes a chaotic system. For E < E c the shape of the histograms is neither Wigner-Dyson nor Poissonian P P (s) = exp(−s). The latter characterizes level statistics of non-ergodic systems, and is observed in the normal phase.
Similar features appear in the classical dynamics of the DM (12; 13; 14; 15; 17), manifested in the different behavior of trajectories in phase-space computed from the mean-field equations of motion for:x = ( Ŝ x , Ŝ y , Ŝ z , α R , α I ), where . . . denotes the expectation values, and α R(I) is the real (imaginary) part of â . In the superradiant phase and for E > E c , two trajectories initially separated by ∆x(0) in phase-space diverge as |∆x(t)| ∼ |∆x(0)|e λ L t at sufficiently long times (36). The exponential growth, associated with a positive Lyapunov exponent λ L > 0, diagnoses chaos in a classical system. In Fig. 2b we show the maximal Lyapunov exponent for an ensemble of random initial product states as a function of the transverse field and the normalized mean-field energy E/E c (see Methods). For E < E c in the superradiant phase (B < B c ) and all energies in the normal phase (B > B c ), the Lyapunov exponent is small or zero, consistent with the Poissonian character of the quantum level statistics in this parameter regime(12; 17).
For E > E c and B < B c a positive exponent is found signaling chaos. Note that the state In quantum systems OTOCs may serve as a diagnostic for quantum chaos. However, such diagnosis has proved difficult, since any exact numerical treatment is only possible in small systems, where many-body observables saturate quickly at the Ehrenfest time given by λ Q t * ∼ log N , at which the quantum information is thoroughly lost to a "local" observer. Here we demonstrate that we can overcome this limitation and compute OTOCs for macroscopic systems if, for a Hermitian operatorĜ, one restrictsŴ G = e iδφĜ to be a sufficiently small perturbation (δφ 1) and setŝ V to be a projection operator onto a simple initial state |Ψ 0 , i.e.V =ρ(0) = |Ψ 0 Ψ 0 |. This is because in the perturbative limit δφ 1, this particular type of fidelity OTOC (FOTOC)(4; 5) ,
where var[Ĝ(t)] is the variance ofĜ. This relation establishes a connection between the exponential growth of quantum variances and quantum chaos, enables us to visualize the scrambling dynamics of a quantum system using a semi-classical picture (37) and to map the FOTOC to a two-point correlator which can be computed using well known phase-space methods, such as the truncated Wigner approximation (see Methods) (38; 39). We observe perfect agreement between the exact dynamics of the FOTOC with the associated variance, var(Ĝ) for sufficient small δφ, enabling us to use phase-space methods to compute the FOTOCs in a parameter regime inaccessible to exact numerical diagonalization where fast scrambling can be clearly identified.
Moreover, it provides a link between the FOTOCs and the quantum Fisher information (QFI) (5; 40; 41), which for a pure state is proportional to the variance ofĜ. The QFI quantifies the maximal precision with which a parameter δφ in the unitary ofŴ can be estimated using an interferometric protocol with an input quantum state |Ψ(t) , while simultaneously serving as a witness to multipartite entanglement (5; 42; 43; 44).
In Fig. 3a we plot the FOTOCS of a small perturbation usingĜ =X = 1 2 (â +â † ) starting
In the superradiant phase we observe that after a short time of slow dynamics,
Q , the FOTOCs feature an exponential growth ∼ e λ Q t , before saturating at t * ∼ log N (see inset). The quantum exponent is found to be independent of system size N . For this initial state, and all the product states we have investigated numerically (see Methods), we have observed that λ Q 2λ L consistent with the semi-classical interpretation, as shown in Fig. 3b .
In a closed system S the second-order RE S 2 (ρ A ) = − log Tr(ρ To illustrate the connection we first write the density matrix of the full system in a basis spanned by the eigenstates of the spin operatorŜ r ≡ (e r ·ˆ S) where e r is a unit vector in the Bloch sphere, satisfyingŜ r |m r = m|m r , andn|n = |n the mode number operatorn =â †â ,
i.e.ρ = n,n mr,m r n ,n m r ,mr |n n| ⊗ |m r m r |. We adopt a convention for the coefficients of the density matrix elements where superscripts are associated with the bosonic mode, and subscripts with the spin. In this basis the density matrix can be divided into blocks,ρ = MρŜ 
The terms Dn The saturation of S 2 (ρ ph ) for B < B c is a signature of thermalization. One can test how "thermalized" the quantum system is by comparing the behavior of the spin and phonon distributions in the long time limit with those of the corresponding diagonal ensemble, characterized by a mixed density matrixρ D with purely diagonal elements (see Methods) (18; 19; 20) . These comparisons are shown in Fig. 4c , where the time evolved distributions and the ones drawn from the diagonal ensemble are almost indistinguishable.
We can also investigate the growth of entanglement on different size bi-partitions for B < B c .
For that we split the spin system into a subsystem of size L A ≤ N and evaluate S 2 (ρ L A ) by computing the reduced density matrixρ L A by tracing over the bosonic degree of freedom and the remaining N − L A spins. To demonstrate the entanglement grows with system size in a manner consistent with an equivalent thermal state we plot the predictions of a canonical ensemble (see Methods). We observe volume-law entanglement growth for L A N (see Fig. 4d ). However, for L A ∼ N the entanglement growth deviates from this simple prediction. These deviations occur as the full state of the system is pure, and thus eventually one needs to recover S 2 (ρ) = 0, requiring a negative curvature. To demonstrate the intertwined nature of thermalization and the build-up of entanglement we plot the predictions of a canonical ensemble indicated by the dotted purple line (see Methods). We note that FOTOCs can also be used to probe this scaling of the RE with subsystem size. To this end, bothV andŴ should be restricted to a partition of size L A of the system, but otherwise the corresponding multiple quantum intensities are computed as discussed above (see also Methods). Figure 4d shows the excellent agreement between the partial system FOTOCs (blue squares) and RE (black diamonds), comparisons that illustrate the utility of FOTOCs to characterize complex many-body entanglement.
Trapped ions present a promising experimental platform for the investigation of the physics discussed here (11; 50; 51). Here we focus on two-dimensional arrays in a Penning trap where a tunable coupling between the ion's spin, encoded in two hyperfine states, and the phononic center-of-mass (COM) mode of the crystal can be implemented by a pair of lasers with a beatnote frequency detuned by δ from the COM mode and far from resonance to all other modes, which remain unexcited (Fig. 1b) . In the presence of microwaves (which generate the transverse field) resonant with the spin level splitting, the effective Hamiltonian is of the form of Eq. 2 as bench-marked in Refs. (11; 52). The dynamical control of the transverse field and sign of the detuning from the COM mode enables straightforward implementation of a time-reversal protocol to measure FOTOCs. Additionally, the many-body echo requires the application of a spin echo π pulse along e r =ŷ which reverses the signs ofŜ x andŜ z simultaneously.
Our proposal requires the ability for measuring the fidelity of the full spin-phonon state,
which we have not yet demonstrated experimentally. However, this will be possible through a generalization of the protocol discussed in reference (53) (see Methods). Additionally, our proposal can be adversely affected by decoherence present in the experiment. However, the impact of decoherence will be minimized in future experiments by increasing the magnitude of relevant couplings of the DM via parametric amplification of the ions' motion(11; 54), thus reducing the ratio of dissipative to coherent evolution. We illustrate the predicted effect of decoherence, which is dominated by single-particle dephasing due to light scattering from the lasers, in the inset of Fig. 4b . We include the enhancement of the coherent parameters via the protocol described in (54) while using the typical experimental decoherence rate of Γ = 60 s −1 . 
where
Lyapunov exponent The existence of classical chaos can be characterized by the Lyapunov exponent λ L . By definition, classical chaos implies that two initially close trajectories separated by a distance in phase-space
and thus λ L > 0 is a signature of chaotic dynamics.
Formally, the Lyapunov exponent is then defined by taking the limit (36)
As the phase-space of our co-ordinate system is bounded we evaluate Eq. (7) using the tangent-space method (17; 57). Essentially, rather than monitoring the physical separation |∆x(t)| of a pair of initially nearby trajectories, one can instead solve for the separation in tangent space, denoted by δx(t), and substitute this distance into Eq. (7). The tangent-space separation δx(t) can be dynamically computed by assuming an infinitesimal initial perturbation to a reference trajectory starting atx(0) =x 0 , leading to the system of equations
Here, Φ is the fundamental matrix and M ij ≡ dF i /dx j . The tangent-space separation with respect to the initial point in phase-spacex(0) =x 0 is extracted by computing δx(t) ≡ Φδx(0) with
As we are only interested in the maximum Lyapunov exponent, it suffices to choose the initial separation δx(0) along a random direction in phase-space, and we propagate Eqs. (8) and (9) for each initial conditionx 0 for sufficiently large t that our estimate of λ L from Eq. (7) converges.
Connection between classical and quantum Lyapunov exponents In our discussion of the exponential growth of FOTOCs, we have argued that λ Q is intimately related to the classical Lyapunov exponent λ L . Specifically, we have that λ Q 2λ L . Here, we further articulate this connection using a semi-classical description of the quantum dynamics, specifically by considering the evolution in the truncated Wigner approximation (TWA) (38).
First, we remind the reader that for a small perturbation δφ, a FOTOC F G (t, δφ) can be expanded to O(δφ 2 ) as F G (t, δφ) ≈ 1 − δφ 2 var(Ĝ). A simple conclusion from this expansion is that if F G (t, δφ) grows exponentially we can attribute this behaviour to the variance, i.e. it must be true that var(Ĝ) ∼ e λ Q t .
A semi-classical explanation of this exponential growth is simplified by assuming thatĜ is an operator which is linear in the classical phase-space variablesx. For concreteness, let us 8) and (9), from which the Lyapunov exponent is calculated. In particular, the connection between quantum and classical exponents is finally made clear by evaluating the quantum variance,
As δα R is evaluated directly from Eq. (9) then we expect from our previous calculations that 
Connection between FOTOCs and Renyi entanglement entropy The connection between the
FOTOCs and entanglement entropy is best established by first considering the case of the spinphonon RE S 2 (ρ ph ). We begin by writing the purity of the reduced density matrix explicity in terms of the elements of the density matrix, 
Our insight is that, in the case of a pure global state, the summation in Eq. (12) for the purity of the reduced density matrix can be manipulated and re-expressed as
CŜ r,n
are the sum of the squared diagonal elements of the density matrix and the sum over the offdiagonal coherences respectively. Thus, we seek to understand when these latter terms can be neglected and thus the purity (and associated entropy) is expressible in terms of only the IĜ 0 .
Firstly, there is the case of a large transverse field, B B c and an initial state which is polarized along the the direction of the transverse field with vacuum occupation, i.e., |Ψ 0 = |(±N/2) x ⊗ |0 . In this case, we expect the collective spin to remain strongly polarized along the field direction. If we choose the FOTOC spin rotation axis to be along that of the initial state and transverse field,Ŝ r =Ŝ x , then we have that CŜ axisŜ r . This is because initially pure states which are sufficiently scrambled after a quench of the system parameters closely resemble so-called canonical pure thermal quantum (cTPQ) states (58) in a generic basis. For cTPQ states, the summation over off-diagonal coherences CŜ r,n off vanishes exactly for a sufficiently large system as the coherences can be considered as random variables (58).
Moreover, for a typical spin rotation axisŜ r , the cTPQ state will have a spin distribution P (mŜ 
